Bound state properties of the ground 2 1 S−state in the four-electron lithium ion Li − (or 7 Li − ion) are determined from the results of accurate, variational computations. We also determine such properties for the ground 2 1 S−state(s) in the 6 Li − and 7 Li − ions with the finite nuclear masses.
I. INTRODUCTION
In this communication we consider the bound states properties of the negatively charged Li − ion in its ground 2 1 S(L = 0)−state, or 2 1 S−state, for short. It is well known that such an ion has only one bound state which is the ground 2 1 S−state. The electronic structure of this state in the Li − ion is 1s 2 2s 2 . Recently, the negatively charged lithium ion Li − is of great interest for applications, since, e.g., formation of these ions is an important step for workability of the compact lithium and/or lithium-ion electric batteries. Both lithium and lithium-ion batteries are very compact, relatively cheap and reliable sources of constant electric current which are widely used in our everyday life. However, it appears that the Li − ion is not a well studied atomic system. Indeed, many bound state properties of this ion were not evaluated et al, or known only approximately. Moreover, almost all known properties have been evaluated for an isolated Li − ion in vacuum. In reality, it is crucial to evaluate the bound state properties in the presence of different organic acids which are extensively used in lithium-ion batteries.
Our goal in this study is to determine various bound state properties of the four-electron (or five-body) Li − ion. It should be mentioned that most of these properties have never been evaluated in earlier studies. In the lowest-order approximation upon the fine structure constant α(= e 2 hc ) the negatively charged Li − ion is described by the non-relativistic Schrödinger equation HΨ = EΨ, where H is the non-relativistic Hamiltonian and E(< 0) is the eigenvalue. Without loss of generality we shall assume that the bound state wave function Ψ has the unit norm. The non-relativistic Hamiltonian H of an arbitrary four-electron atom/ion takes the form (see, e.g., [1] ) 
is the reduced Planck constant, m e is the electron mass and e is the electric charge of an electron. In this equation and everywhere below in this study the subscripts 1, 2, 3, 4 designate the four atomic electrons e − , while the subscript 5 (= N) denotes the heavy atomic nucleus with the mass M (M ≫ m e ) and positive electric (nuclear) charge Qe (central particle). The notation r ij =| r i − r j |= r ji in Eq.(1) and everywhere below stand for the interparticle distances between particles i and j. These distances are also called the relative coordinates to emphasize their differences with three-dimensional coordinates r i , which are the Cartesian coordinates of the particle i. In Eq.
(1) and everywhere below in this work for four-electron atomic systems we shall assume that (ij) = (ji) = (12), (13) , (14) , (15) , (23), (24), (25), (34), (35) and (45). For three-electron atomic systems we have (ij) = (ji) = (12), (13) , (14), (23), (24) and (34). Below only atomic unitsh = 1, | e |= 1, m e = 1 are employed. In these units the explicit form of the Hamiltonian H, Eq. (1), is simplified and takes the form
where Q is the nuclear charge of the central positively charged nucleus. For the neutral 
where C i (and G i ) are the linear variational coefficients of the trial wave function, while α ij are the ten non-linear parameters and (ij) = (12), (13) 2 )−electron configuration. The explicit forms of these two spin functions are:
In numerical calculations of the total energies and other spin-independent properties (i.e. expectation values) one can always use just one spin function, e.g., χ
S=0 from Eq.(4). It follows from the fact that the Hamiltonian Eq.(2) does not depend explicitly upon the electron spin and/or any of its components.
The radial basis functions in Eq.(3) are the multi-dimensional gaussoids, or fivedimensional gaussoids (see, Eq.(3) above). These basis functions are not orthogonal to each other. Therefore, the original Schrödinger equation HΨ = EΨ is reduced to the solution of the following eigenvalue problemĤC = EŜC, whereĤ andŜ are the matrixes of the Hamiltonian and overlap, respectively, while E is the unknown eigenvalue and C is the vector formed from the linear variational coefficients C i mentioned in Eq.(3). It is straightforward to derive analogous equations in these cases when the corresponding vector also includes non-zero G-components (see Eq. (3)). In fact, the linear coefficients C i and G i from Eq.(3) can be considered as components of the N A − and N B −dimensional vectors C and G, respectively. Now, it is clear that we need to obtain the explicit formulas for all matrix elements of the Hamiltonian and overlap matrix. In fact, all these formulas for four-and three-electron atomic systems have been derived and presented in a number of our papers (see, e.g., [6] ). Therefore, below we can present only a very brief description of this method. At the second step of the procedure we need to calculate (analytically) the overlap integrals between all components of the spin functions with the original and interchanged arguments.
After computations of these integrals we obtain the final expression for the matrix elements of the HamiltonianĤ and overlapŜ matrixes. In reality, all matrix elements ofĤ andŜ contain finite sums of the radial matrix elements with some numerical (integer) coefficients which are determined by the overlap integrals of the spin functions (for more details, see [6] ).
The procedure used to solve three-electron atomic problems (bound states) is completely analogous and here we do not want to repeat its description (see, e.g., [6] ). Note also that below we apply three-electron version of our procedure to determine the bound state properties of the ground 2 2 S−state in the neutral Li-atom.
As mentioned above in this paper we consider the ground 2 1 S−state of the Li − ion (or ∞ Li − ion). Our goal is to determine the total energy of this state and expectation values of some of its properties. Such properties include a few powers of interparticle distances r n ij , where n = −2, −1, 1, 2, 3, 4 (for n = 0 each of these expectation values equals unity), electron-nucleus and electron-electron delta-functions, single electron kinetic energy 1 2 p 2 e , electron-nucleus and electron-electron kinetic correlations p e · p N and p e · p e and a few others (see also discussion in the Appendix). Numerical values of these expectation values can be found in Table I. Table I For the Li − ion our energy is one of the best total energies ever computed for this ion.
In fact, the total energy of the ground state in the Li atom (or ∞ Li atom) is surprisingly accurate and compared with the accuracy known for this atom from Hy-CI calculations with 1000 -2000 terms in the wave function. The total energies of the 2 2 S−state in the Li atom determined with N = N A = 700 and N = N A = 1000 in Eq. (3) are E = 7.4780598540 a.u.
and E = 7.4780599631 a.u., respectively. These values are very close to the 'exact' total energy known for this atom, obtained with the use of many thousands of Hylleraas (Hy) and
Hylleraas-CI wave functions. Note that our energies for the ground states in both Li − ion and Li atom are still converging and we hope to report soon the new total energies which have better overall accuracy.
Let us compare the bound state properties of the Li − ion in the ground 2 1 S−state with the analogous properties of the neutral Li atom in its ground 2 2 S−state. First, we note a very substantial differences in the electron-nucleus and electron-electron distances r eN and r ee . For the Li − ion these distances are substantially larger than for the neutral Li atom.
The same statement is correct for all positive powers of these inter-particle distances, i.e. for the r k eN and r k ee (where k is integer and k ≥ 2) expectation values shown in Table I . This is an indication of the known fact that the Li − ion is a weakly-bound, four-electron system atomic system. This fact can be confirmed by calculation of the following dimensionless
where E(Li − ) and E(Li) are the total energies of the negatively charged Li − ion in the ground 2 1 S−state and Li atom in the ground 2 2 S−state. Very small value of this parameter ǫ, which is significantly less that 0.01 (or 1 %), is a strong and uniform indication that the Li − ion is an extremely weakly-bound atomic system. This allows one to represent the 
where all expectation values in the right-hand side are determined without any additional symmetrization between four electrons. As mentioned above the Li − ion has a sharp cluster structure and fourth electron is located far away from the central nucleus. This means that 
where r
eN Li is the corresponding expectation value for the neutral Li-atom. It is clear that this equality is only approximate. Analougous approximate evaluations can be obtained for some other properties, e.g., for the expectation values of all delta-functions and inverse powers of electron-nucleus and electron-electron distances. Table I contains a large number of bound state properties of the negatively charged Li 
III. ON THE HALF-LIFE OF THE BERYLLIUM-7 ISOTOPE
Results of our accurate computations of the ground 2 Be nucleus decays by using a few different channels.
The most important of these channels is the electron capture (or e − −capture) of one atomic electron from the internal 1s 2 −shell. The process is described by a simple atomic-nuclear equation 7 Be → 7 Li, where there is no free electron emitted after the process. During this process the maternal 7 Be nucleus is transferred into the 7 Li nucleus which can be found either in the ground, or in the first excited state. The following transition of the excited 7 Li * nucleus into its ground state 7 Li proceeds with the emission of γ−quantum which has the energy E γ ≈ 0.477 MeV . Such γ−quanta can easily be registered in modern experiments and this explains numerous applications of chemical compounds of 7 Be in radio-chemistry.
Let us discuss the process of the electron capture in the 7 Be-atom in detail. Assuming for a moment that all 7 Be atoms decay by the electron capture from the ground (atomic) 2 1 S−state. In this case, by using the expectation value of the electron-nucleus delta-function δ(r eN ) computed for the ground 2 1 S−state of an isolated Be-atom we can write the following expression for the half-life τ of the 7 Be atom/isotope
where Γ is the corresponding width and A is an additional factor for a given compound of beryllium. The half-life τ1 2 determines the moment when 50 % of the incident 7 Be will decay by the electron capture. Analytical formula for τ , Eq. (9), follows from the fact that the corresponding width Γ = τ −1 must be proportional to the product of expectation value of the electron-nucleus delta-function and one additional factor A. The expectation value of the electron-nucleus delta-function computed with the non-relativistic wavefunction determines the electron density at the surface of a sphere with the spatial radius R ≈ Λ e =h mec a 0 = αa 0 , where a 0 is the Bohr radius a 0 ≈h an electron (point particle) to penetrate from the distances R ≈ Λ e to the nuclear surface
Numerical value of A can be evaluated by assuming that the mean half-life of the 7 Beatom in its ground 2 1 S−state equals 53.60 days and by using our best expectation value obtained for the expectation value of the electron-nucleus delta-function δ(r eN ) ≈ 8.82515
a.u., one finds that Γ ≈ 2.1593422 · 10 −7 sec −1 . From here we find that the factor A in Eq. (9) equals A ≈ 2.1593422 · 10
where the expectation value δ(r eN ) must be taken in atomic units. To move further we have to assume that the additional factor A does not depend neither upon the conserving quantum numbers of the Be-atom, nor upon the actual chemical background of this atom.
In this case we can write the following formula for the ratio of half-life of the two different molecules X(Be) and Y(Be) which contain 7 Be atoms
Let us apply this formula to the case when one of the 7 Be-atoms is in the ground 2 1 S−state, while another such an atom is in the triplet 2 3 S−state. The expectation value of the δ eNfunction for the ground state in the Be-atom is given above, while for the triplet state we have δ(r eN ) ≈ 8.739558 a.u. Both these expectation values were determined in our highly accurate computations of the ground 2 1 S− and 2 3 S−state in the four-electron Be atom.
With these numerical values one finds from Eq.(11) that the half-life of the 7 Be atom in its triplet 2 3 S−state is 1.009794 times (or by 1 %) longer than the corresponding half-life 0f the 7 Be atom in its ground singlet 2 1 S-state. This simple example includes two different bound states in an isolated 7 Be-atom. In general, by using the formula Eq. (11) we can approximately evaluate the half-life of the 7 Be atoms in different molecules and compounds.
The formula Eq.(11) can be applied, e.g., to BeO, BeC 2 , BeH 2 and many other beryllium compounds, including Be-polymers, e.g., Be n H 2n for n ≈ 100 − 1000 (see, e.g., [11] - [14] and references therein).
As is well known from atomic physics, the electronic structure of the bound states of the Be-atom(s) is 1s 2 2s2ℓ (or 1s 2 2s 1 2ℓ 1 ), where ℓ ≥ 0. This state arises after excitation of a single electron from the 1s 2 2s 2 electron configuration, which correspond to the ground state, or 'core', for short. It is clear that the final 1s 2 2s 1 2ℓ 1 configuration is the result of a single electron excitation 2s → 2ℓ. All other states with excitation(s) of two and more electrons from the core are unbound. In general, the contribution to the expectation value of the electron-nucleus delta-function comes from the two internal electrons (or 1s 2 −electrons) and electrons from outer shells (or 2s2ℓ−electrons). It can be shown that a very significant contribution (≥ 97 %) into this expectation value comes from the two internal 1s 2 -electrons.
The two outer-most electrons do not contribute substantially into the expectation value of the electron-nucleus delta-function δ(r eN ) . As follows from computational results the overall contribution from two outer-most electrons is only 3 % -5 % of the total numerical value. This means that variations in the chemical background of one 7 Be atom can change the half-life of this atom in 1.03 -1.05 times (maximum). The life-time changes correspondingly. In reality, such changes are significantly smaller, but they can be noticed in modern experiments.
It is interesting to note that analogous result (3 % -6 % differences as maximum) can be predicted for other nuclear processes which are influenced by variations in the chemical background, e.g., for the excitation of the 235 U nucleus which also depend upon chemical background [15] , [16] , [17] . [18] . It is well known (see, e.g., [17] ) that the 235 U nucleus has an excited state with the energy ≈ 75 -77 eV . There is no such a level in the 234 U, The negatively charged 6 Li − ion is of interest for possible creation and observation of an unstable (three-electron) 4 He − ion which is formed in one of the channels of the reaction of the 6 Li − ion with slow neutrons, e.g., 6 Li
Preliminary evaluations indicate that the probability of formation of the 4 He − ion in this reaction is ≈ 0.02 % -0.04 %. Nevertheless, this nuclear reaction of the 6 Li − ion with slow neutrons has a very large cross-section and it can be used to produce the negatively charged 
